Universal traversal sequences for cycles require length (n 1:43 ), improving the previous bound of (n 1:33 ). For d 3, universal traversal sequences for d-regular graphs require length (d 0:57 n 2:43 ). For constant d, the best previous bound was (n 2:33 ).
1.

Re ecting and Universal Traversal Sequences
Universal traversal sequences were introduced by Cook (see Aleliunas et al. 2] ) as a particularly simple method for traversing graphs. Universal traversal sequences are de ned as follows. Good bounds on U(d; n) translate into good bounds on the time required by certain simple undirected graph traversal algorithms running in very limited space. In particular, determining good lower bounds on U(d; n) is a prerequisite to proving time-space tradeo s for traversing undirected graphs. (See Borodin, Ruzzo, and Tompa 4] for more detailed discussion.) Proving such lower bounds is the emphasis of this paper.
The current best upper and lower bounds on U(d; n) are summarized in Table 1 . (See Borodin, Ruzzo, and Tompa 4] for more background.) Prior to the current work, the best lower bound for d = 2 was U(2; n) = (n 1:33 ); due to Coppersmith (see Tompa 7] ). This bound is improved in Corollary 7 to U(2; n) = (n log 5 10 ) = (n 1:43 ): Tompa 7] ) and the second term due to Borodin, Ruzzo, and Tompa 4] . This bound is improved in Corollary 8 to U(d; n) = (d 2?log 5 10 n 1+log 5 10 + d 2 n 2 ) = (d 0:57 n 2:43 + d 2 n 2 ): The value of d at which the second term begins to dominate is d = n log 10 2 n 0:3 .
As in Tompa 7] , the method underlying the new lower bounds depends on analyzing traversals of \labeled chains". A labeled chain of length n is an undirected graph G = (V; E), where V = f0; 1; : : : ; ng and E = ffi; i + 1g j 0 i < ng, with edge labels as follows. Every edge fi; i+1g has two labels l i;i+1 and l i+1;i , each a nonempty subset of f0; 1g, restricted as follows:
1. l 0;1 = l n;n?1 = f0; 1g, and 2. one of l i;i?1 and l i;i+1 is f0g and the other is f1g, for all 0 < i < n.
Let L(n) be the set of labeled chains of length n. Thus, jL(n)j = 2 n?1
. A labeled chain G will often be identi ed with the string = 1 2 n?1 2 f0; 1g n?1 , where l i;i+1 = f i g for 0 < i < n. The string is called the label of G.
Given a labeled chain G of length n, a string U 2 f0; 1g can be considered as a sequence of edge traversal commands starting at vertex 0. In particular, if U = U 1 U 2 U jUj , where U i 2 f0; 1g for 1 i jUj, U determines a unique sequence (v 0 = 0; v 1 ; v 2 ; : : : ; v jUj ) 2 f0; 1; : : : ; ng jUj+1 such that U i 2 l v i?1 ;v i , for all 1 i jUj. Such a sequence U is said to re ect t times on G if and only if there exist 0 < j 1 < j 2 < < j t jUj such that v j 2k?1 = n for all 1 k dt=2e and v j 2k = 0 for all 1 k bt=2c. U is a t-re ecting sequence for L(n) if and only if U re ects t times on each G 2 L(n). R(t; n) denotes the length of a shortest t-re ecting sequence for L(n).
The following two theorems show that lower bounds on the lengths of reecting sequences for short chains translate into lower bounds on the lengths of universal traversal sequences. In particular, Theorem 1 provides a lower bound on the length of universal traversal sequences on the cycle, and Theorem 2 provides a lower bound on the length of universal traversal sequences for all higher degree graphs. By analyzing t-re ecting sequences on L(4), Tompa 7] demonstrated that R(t; 4) 6t, yielding the exponent log c r = log 4 6 1:29. He left open the analysis of t-re ecting sequences on L(5). The main result of this paper is that R(t; 5) 10t, yielding the improved exponent log c r = log 5 10 1:43.
2.
Re ecting Sequences on L (5) Consider a (2t ? 1)-re ecting sequence U for L (5) . Consider the chain with label 0000, and the t indices in U at which the traversal leaves vertex 1 for the last time before arriving at vertex 5. Notice that the traversal only leaves vertex 1 at even-numbered indices of U. Beginning at each of these t even indices, U must contain a substring matching 00(01 + 10) 00, and these t substrings must be nonoverlapping.
De nition: A substring of length 2 beginning at an even index in U will be called simply a pair. The pair matching the rst 00 in 00(01 + 10) 00 is said to start a (left-to-right) traversal of 0000, and the second 00 pair is said to nish the traversal. Thus, U must contain at least 2t occurrences of the pair 00 beginning at even indices. Similarly, there must also be 2t occurrences of each of the other pairs 01, 10, and 11, beginning at even indices. These pairs, which correspond to starting and nishing left-to-right traversals of the chains with labels 0000, 0101, 1010, and 1111, are called base pairs.
This simple argument shows that R(2t ? 1; 5) 16t (8t base pairs, each with 2 symbols), or R(t; 5) 8t, but since log 5 8 is slightly less than log 4 6, there is no improvement over the result of Tompa 7] . This section will show that there must be at least 2t other pairs beginning at even indices, by considering the additional chains with labels 0011, 0110, 1001, and 1100. The idea underlying the argument is to show that the 8t base pairs alone cannot simultaneously serve all the necessary functions on all of these chains.
In what follows, any reference to a traversal of a certain chain will always refer to one of the rst t left-to-right traversals of that chain. Thus, for example, there are exactly 2t base 00 pairs, even if U should happen to traverse the chain with label 0000 more than t times from left to right.
De nition: A mark on a 00 pair is either (1) a left mark, which is on a 00 pair that nishes a traversal of either 0000 or 1100, or (2) a right mark, which is on a 00 pair that either starts a traversal of 0000, or is the last 00 pair during a traversal of 0011. Marks on 01, 10, and 11 pairs are de ned analogously. Marks may occur on any pair, not just base pairs.
De nition: A debt on a 00 pair is either (1) a left debt, which is on a 00 To traverse left to right on the chain with label:
The substring of U must match: 0000 00(01 + 10) 00 0011 00(00 + 10) 11 0101 01(00 + 11) 01 0110 01(01 + 11) 10 1001 10(00 + 10) 01 1010 10(00 + 11) 10 1100 11(01 + 11) 00 1111 11(01 + 10) 11 pair that does not have a left mark, or (2) a right debt, which is on a 00 pair that does not have a right mark. Debts on 01, 10, and 11 pairs are de ned analogously. Debts may occur on any pair, not just base pairs.
Lemma 3: The number of nonbase pairs is exactly half the number of debts.
Proof: As shown earlier, a substring traversing the chain with label 0000 from left to right must match 00(01+10) 00; similarly, a substring traversing 0011 must match 00(00 + 10) 11. (See Table 2 .) Hence, no 00 pair can both start a traversal of 0000 and be the last 00 pair during a traversal of 0011, since nishing either traversal \spoils" the other. A substring traversing 1100 must match 11(01 + 11) 00. Hence, no 00 pair can nish traversals of both 0000 and 1100. In summary, a 00 pair has at most one left mark and one right mark. Hence, the number of marks plus the number of debts on each 00 pair is exactly two.
Suppose there are n nonbase 00 pairs and a total of d debts on 00 pairs. Since there are 2t base 00 pairs and a total of 4t marks on 00 pairs, 4t + d = 2(n + 2t). That is, n = d=2.
Analogous proofs hold for 01, 10, and 11 pairs. Proof: This follows directly from the de nition of a mark, and Table 2 .
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De nition: A 0000 interval is a substring of U that begins with a 00 pair that nishes some traversal of 0000, and ends with the 00 pair that starts the next traversal of 0000. 0101, 1010, and 1111 traversals are de ned similarly.
Lemma 5: Each 0000 interval and each 1111 interval contains at least two debts on 00 and/or 11 pairs. Each 0101 interval and each 1010 interval contains at least two debts on 01 and/or 10 pairs.
Proof: Each 0000 interval must contain a substring that matches 11(01 + 10) 11 beginning at an odd index: this substring accounts for the right-to-left traversal of the chain with label 0000. Expressed as pairs each beginning at an even index, this regular expression is equivalent to x1(10) 11((01) 00(10) 11) (01) 1y, where each of x and y may be either 0 or 1. (See Table 3 .) Consider the leftmost 11 pair in the match, not including the pair that matches x1. If it has a left debt then, by Lemma 4, the next 00 or 11 pair to its left must have a right debt, and these two debts both occur within the 0000 interval. If, on the other hand, the leftmost 11 has a left mark, it must nish a traversal of 1111, because x1(10) 11 cannot be a su x of 00(00 + 10) 11. The rightmost 11 pair in the match is similar. If it has a right debt, then there is a left debt on the next 00 or 11 pair to its right, and both debts occur To traverse right to left on the chain with label:
The substring of U must match: 0000 x1(10) 11((01) 00(10) 11) (01) 1y 0101 x0(11) 10((00) 01(11) 10) (00) 1y 1010 x1(00) 01((11) 10(00) 01) (11) 0y 1111 x0(01) 00((10) 11(01) 00) (10) 0y
within the 0000 interval. If it has a right mark, it must start a traversal of 1111, because 11(01) 1y cannot be a pre x of 11(01) 00. Suppose the 0000 interval contains fewer than two debts on 00 and/or 11 pairs. From the discussion above, there must be a 1111 interval within the 0000 interval. An analogous argument shows that this 1111 interval must either contain at least two debts on 00 and/or 11 pairs, or contain a 0000 interval. Since no 0000 interval can contain another 0000 interval, this is a contradiction. Therefore, the original 0000 interval contains at least two debts on 00 and/or 11 pairs.
Analogous proofs hold for 0101, 1010, and 1111 intervals.
Theorem 6: R(t; 5) 10t for all positive integers t.
Proof: Consider a sequence that is (2t ? 1)-re ecting on L(5). This sequence contains t ? 1 0000 intervals so, by Lemma 5, there are at least 2t ? 2 debts on 00 and/or 11 pairs. By an analogous argument, there are at least 2t ? 2 debts on 01 and/or 10 pairs. These 4t ? 4 debts account for 2t ? 2 nonbase pairs, by Lemma 3. Since there are 8t base pairs, there are at least 10t ? 2 pairs, for a total length of 20t ? 4. Thus, R(2t ? 1; 5) 20t ? 4. By the following case analysis, R(t; 5) 10t + 1. 
Directions for Improvement
It is an open question whether the bound in Theorem 6 is tight. The best upper bound we have is given in Theorem 9. Proof: Suppose bctc is (2t ? 1)-re ecting on L(5), and contains only two 00 pairs. There are t left-to-right traversals of each of the chains with labels 0000, 0011, and 1100, so there are 4t marks on 00 pairs altogether.
Therefore, some occurrence of has at least d4t= bctce d4=ce 4 marks on 00. In order to have 4 marks on only two 00 pairs, must be a rotation (by an odd number of positions) of (01 + 10 + 11) 11(01) 00(01 + 10) 00(10) 11. (See Table 2 .) However, in that case has no occurrence of 00(01 + 10) 00 beginning at an odd index; hence it does not re ect even two times on the chain with label 1111. Because of this contradiction, must contain at least three 00 pairs.
Similarly, must contain at least three occurrences of the pairs 01, 10, and 11. (In the case of 01 pairs, for example, the contradiction is that there is no occurrence of 10(00 + 11) 10 beginning at an odd index.) Therefore, contains at least 12 pairs, from which the theorem follows.
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